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In this paper, we invert the structure of Cu46Zr46Al8 from X-ray structure factor data and energy minimiza-
tions as implemented with Forced Enhanced Atomic Refinement (FEAR). The models generated are in good
agreement with structural data obtained from diffraction experiment. Voronoi tessellation analysis shows rea-
sonable agreement with previous results and our models include structural units believed to have slow dynamics
near glass transition and responsible for the excellent glass forming ability of this metallic glass. We show, with
constant temperature MD, that there is a significant increase in the fraction of these particular clusters near the
glass transition. Space-projected conductivity (SPC) calculations show that conduction through Zr dominates
over Cu. Vibrational modes are strongly localized on a few Al atoms at high frequencies and distributed almost
uniformly on Cu and Zr atoms at low frequencies.
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1 Introduction Bulk metallic glasses (BMG) form a
family of one of the most researched amorphous materi-
als. The ever growing scientific attention can be attributed
to their unique properties, like ultrahigh strength, resis-
tance to wear and corrosion [1], etc. Such properties en-
able its diverse applicability, ranging from sporting goods
to nanotechnology and biomedical applications [2]. De-
spite having numerous models for structure [3–6], glass
forming ability (GFA) [7], and its relation to the struc-
ture, a plethora of basic questions still remain unanswered.
Cu-Zr BMG gained particular interest after its discovery
challenged the pre-exisiting understanding of GFA [8].
For these reasons, Cu-Zr-Al forms one of the most highly
researched materials in the BMG family with both ex-
perimental [9–13] and theoretical work [14–16] being re-
ported. Georgarakis et al. [9], with his X-ray PDF ex-
periments showed that the addition of Al to Cu-Zr BMG
induces changes in the atomic structure in the short and
medium range order, attributed to the strong bonding pref-
erence between Zr and Al atoms. The Zr-Al bonding is also
demonstrated by NMR studies by Xi et al. [13]. Both ex-

tended X-ray absorption spectra(EXAFS) [10] and X-ray
diffraction studies [11,12] have shown that addition of Al
to Cu-Zr BMG increases the fraction of icosahedron like
clusters and makes the distribution of Al homogeneous
which enhances the GFA by increasing the structural in-
compatibility with the crystalline phases. X-ray diffraction
pattern from samples with varying Al concentration have
showed that even at 4 % Al concentration, a fully amor-
phous rod up to 5 mm in size can be produced [17]. Yu et
al. [17] also found that the critical cooling rate for Cu-Zr
BMG drops from 250 K/s to 40 K/s with just 4 % Al dop-
ing.

Molecular dynamics simulations by Zhang et al. [16]
have also revealed superior GFA in Cu46Zr46Al8 relative
to other compositions, in agreement with experiment [11,
12]. Structure inversion with Reverse Monte Carlo (RMC)
of Cu-Zr-Al BMG’s from experimental information has al-
ready been carried out with large number of atoms [11,18,
12]. However, traditional RMC alone may produce non-
physical solutions even for elemental systems [19]. In this
work, we report on models designed to closely agree with
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experiment and at the same time be a suitable minimum of
a standard DFT code.

The rest of the paper has been organized as fol-
lows: section 2 has discussions about computational
methodology and model generation using FEAR and melt
quench; section 3 deals with results obtained form struc-
tural,electronic, and vibrational calculations, section 4
summarizes our conclusions.

2 Methodology and Models In this study, we per-
form an ab initio simulation of Cu46Zr46Al8 to determine
the structural and electronic properties using the Force En-
hanced Atomic Refinement (FEAR) [20–22,24] technique
and a traditional melt-quench method. FEAR has shown
promise in modeling a wide range of amorphous systems,
ranging from a-Si, a-SiO2, silver-doped GeSe3, sodium
silicate glass [23], a-C [24,25] to complex bulk metallic
glasses [27].

FEAR aims to use experimental information to aid and
accelerate ab initio simulation of disordered materials. Of
course diffraction data by itself is grossly inadequate to de-
termine the structure of a complex system with rich local
chemical and topological order. However, when chemical
information is included (from an accurate quantum me-
chanical code), we have repeatedly shown that FEAR pro-
duces models equal or superior to melt-quench, even in to-
tal energy, and requires a fraction of the (expensive) force
calls needed by melt quench methods.

To provide some more detail, we start with some defi-
nitions. If V is an energy functional and χ2 gauges the dis-
crepancy between a diffraction experiment and computer
model, we seek to find a set of atomic coordinates that
renders V a minimum, and χ2 within experimental error.
FEAR is a simple iterative process consisting of (i) pro-
ducing a structural model with random coordinates, (ii) in-
voking N accepted moves within conventional RMC fol-
lowed by M conjugate-gradient (CG) steps using ab initio
interactions. We then iterate (ii) until convergence. The fi-
nal results do not depend heavily on the numerical values
of N and M, which were chosen to be 150 and 5, respec-
tively, for the present work. FEAR avoids the problem of
the relative weighting of V and χ2 in a penalty or target
energy functional as in hybrid approaches. If the density of
the material is unknown, it is possible to run the simulation
at zero pressure (with variable cell geometries) in the CG
loop, and simply pass the modified supercell vectors back
to the RMC loop.

2.1 FEAR-I A FEAR model of Cu46Zr46Al8 was
made with 300 atoms in a box of size 17.0805 Å corre-
sponding to an experimental density of 7.38 g/cc [12]. A
sequence of partial RMC fitting using RMCProfile [28],
and partial energy minimizations, using VASP [29–31],
complemented each other and were iterated until conver-
gence (when the structure factor of the model was close to
experiment and the forces were near zero at a suitable po-
tential energy minimum). We used the experimental data

Atom n n(Zr) n(Cu) n(Al)

Zr 12.86 5.91 5.80 1.15

FEAR-I Al 11.79 6.63 5.08 0.08

Cu 11.22 5.80 4.54 0.88

Zr 13.10 5.81 6.12 1.17

FEAR-II Al 11.83 6.70 4.96 0.17

Cu 11.30 6.12 4.32 0.86

Zr 13.07 5.78 6.08 1.21

MQ Al 12.12 6.96 4.92 0.25

Cu 11.24 6.08 4.30 0.86

Table 1 Coordination Statistics:Average coordination number
and its distribution of constituent atoms.

of [12] and the code RMCProfile. Our total energy/force
code is the ab initio plane-wave DFT package VASP. Af-
ter convergence, the converged structure is then fully re-
laxed with VASP until the forces on each atoms drops to
below 0.005 eV/Å. The maximum move for each atomic
species during the RMC refinement was kept at 0.085 Å.
Energy minimization steps in VASP with a plane wave ba-
sis set and projector-augmented wave (PAW) method [32,
33] with PBE functional [34]. The final relaxation step em-
ployed VASP for Γ (k = 0), plane-wave cutoff of 280 eV
and an energy convergence tolerance of 10−5 eV. A total of
400 FEAR steps were employed to reach the desired con-
vergence.

The computational cost for this model was approxi-
mately 1866 core hours at BRIDGES at Pittsburgh Super-
computer Center.

2.2 FEAR-II This model was made with exactly the
same implementation as FEAR-I but starts from a different
initial configuration: the atomic positions of a well equi-
librated liquid melt at 1500 K was taken as the starting
model.

2.3 Melt Quench (MQ) For the purpose of compar-
ison and cross-validation of the models created, we also
prepared a MQ model, starting with the same random co-
ordinates used in FEAR-I, using VASP. The model was
heated to 1500 K, equilibrated at 1500 K, cooled to 1000
K, eqilibrated at 1000 K, cooled to 300 K, and finally
equilibrated at 300K. This equilibrated model is finally re-
laxed using the CG method until the forces on each atoms
drops to below 0.005 eV/Å. Throughout the simulation, a
time step was 2.0 fs was adopted and the total simulation
time was 45 ps for a computational time of 11000 core
hours on the same machine as model FEAR-I.

To keep it simple and consistent, we follow the same
“color nomenclature” for the atomic species: red for Zr,
green for Cu and blue for Al in the figures.
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Figure 1 Simulated atomic structure obtained for
FEAR-I. Zr, Cu and Al atoms are shown in red, green,
and blue respectively, and the same “color nomencla-
ture” will be used in all figures.
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Figure 2 Comparison of structure factor and pair distribution function ob-
tained from models with experiment.
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Figure 3 Fraction of different coordination numbers present in
the samples. The coordination number is peaked around 12 sug-
gesting dominance of icosahedron structures.

<0
 2

 8
 2

 >

<0
 3

 6
 4

>

<0
 2

 8
 1

>

<0
 3

 6
 3

>

<0
 0

 1
2 

0>

<0
 2

 8
 5

>

<0
 2

 8
 6

>

<0
 1

 1
0 

4>

<0
 1

 1
0 

2>

<0
 2

 8
 4

>

Voronoi Indices

0

2

4

6

8

Fr
ac

tio
n(

%
)

Zr
Al
Cu

Figure 4 Concentration (in %) of the dominant polyhedra.The
left bars on each Voronoi index corresponds to FEAR-I, middle
bar to FEAR-II, and the right to MQ models.

3 RESULTS AND DISCUSSION

3.1 Structural Properties In Fig. 1, we show the fi-
nal relaxed atomic structure of the FEAR-I. Atoms are
packed in continuous random arrangement, the dense com-
position being responsible for a high coordination number.
The distribution of Al seems reasonably homogeneous,
with no clustering, and is believed to be responsible for
suppressing crystallization and thereby increasing the GFA
[10–12].

The structure factor and pair distribution function of
the models are shown in Fig.2. The left panel displays a
comparison of S(q) between experiment [12] and the mod-
els, showing good agreement. On the right panel, PDF G(r)
is similarly compared. Broad peaks in the PDF of the mod-
els suggest the amorphous nature of the material. The first
minimum of the PDF obtained from the models matches
with the experiment suggesting a good agreement in short

range order. The first peak arises from joint contributions
from all six partial PDFs.

To study the bonding preferences of the atomic species
involved, we calculated the number of nearest neighbors
around each atom using a cut-off radius of 3.5 Å, the de-
tails of which are given in Table 1. The table suggests that
Al bonds preferentially with Zr over Cu in agreement with
previously reported strong interaction between Zr and Al
atoms [9].

3.2 Voronoi Analysis The nearest neighbor environ-
ment of the atoms was studied using the poly-disperse
Voronoi tessellation, as implemented in the OVITO soft-
ware [35], with the Goldschmidt radius (1.60 Å for Zr,
1.43 Å for Al, and 1.28 Å for Cu ) . The Voronoi cell of an
atom is the region of real space closer to that particle than
any other [36]. Details about the Voronoi polyhedra can
be found elsewhere [36]. In general, a Voronoi polyhedron
(VP) for an atom can be manually constructed by connect-
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Figure 5 Temperature dependence of the fraction of slow dynamics clusters. A graudal increase in the concentration of < 0 2 8 1 >
Voronoi polyhedra with the decrease in temperature in seen.

ing perpendicular bisector planes between that atom and
all its nearest neighbors. The 3D geometry thus obtained is
characterized with indexes written in the form < n3 n4 n5

n6 > where ni denotes the number of faces with i edges
present in the VP. The distribution of prominent Voronoi
polyhedra is shown in Fig. 4. A polyhedron is called promi-
nent if it makes up more than 3 % of the total number of
polyhedra. For Zr-atoms, most of the dominant polyhedra
are not perfect icosahedra (ICO) (< 0 0 12 0 >) but ICO-
like with Voronoi indices < 0 2 8 5 >, < 0 2 8 6 >, < 0
1 10 4 >, etc. However, there are ideal ICO clusters in the
network centered at Cu and Al atoms. These cluster statis-
tics are in good agreement with results from [16].

The Cu-centered < 0 0 12 0 >, < 0 2 8 2 > and Zr-
centered < 0 1 10 4 > are believed to have the slowest
dynamics in Cu-Zr liquids [37,38] and are associated with
the excellent GFA. These polyhedra also make up a sig-
nificant fraction of the Voronoi polyhedra in our models.
To study the fluctuations of the fraction of these clusters
with temperature, together with other dominant VP’s, we
perform a constant temperature MD simulation of the MQ
model at several different temperatures. The results, aver-
aged over 500 configurations (the last ps of the MD sim-
ulation), are shown in Fig. 5. In the vicinity of the glass
transition temperature for Cu46Zr46Al8 (≈ 700K), our
models show a significant increase in the fraction of clus-
ters that are believed to have slow dynamics [37,38] which

explains the high GFA associated with this stoichiometry.
There is a gradual increase in the fraction of < 0 2 8 1 >
VP, making it the most common VP in the MQ model, in
agreement with Wang et al. [12].

In addition to the ideal ICO, the Cu atoms have ICO-
like (< 0 2 8 2>,< 0 3 6 4>,< 0 2 8 1>) clusters in large
numbers. If we look at the system as a whole, it is obvious
that ideal ICO are not the most dominant structure, again
in agreement with Wang et al. [12].

3.3 Electronic Properties The electronic structure
of the models was studied using total density of states
(DoS), partial DoS, and inverse participation ratio (IPR).
The DoS for FEAR-I is very similar to other models, and is
shown in Fig. 6. The Fermi level corresponds to the zero of
the energy scale marked by vertical drop lines. Significant
contributions to the total DoS arises from the hybridization
of the d-orbitals of Cu and Zr, while the contribution of Al
remains nominal. Existence of states in the vicinity of the
Fermi level suggest conducting behavior of the samples.
The contribution from Zr atoms, however, is much higher
than that of Cu near the Fermi level, a result also seen
in Hall coefficient measurements of the Cu-Zr-Al system
[39]. Similar electronic analysis on Cu50Zr50[40] showed
qualitatively the same results which suggest that 8% Al
doping does not significantly impact electronic properties.
Details of the more active conduction parts of the network
will be discussed in the next section.
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Figure 6 Electronic density of states of FEAR-I model. The lo-
calization of the states are shown with IPR. Partial DoS that con-
tribute most significantly to the DoS near the Fermi level are
shown in the bottom panel.

Figure 7 Space projected conductivity for FEAR-I shown in
grayscale. The Zr sites have higher SPC values than the Cu sites,
and Al seems almost irrelevant to conduction.

The localization of Kohn-Sham states is given by IPR
defined as:

I(ψn) =

∑
i |ain|

4(∑
i |ain|

2)2 (1)

where ain is the contribution to the eigenvector ψn from the
ith atomic orbital (s, p, and d ) as calculated with VASP.
In simple terms, localized states have high IPR value (ide-
ally equal to I = 1) while a completely extended state
produces a value of (1/N), i.e. evenly distributed over N
atoms. Close to the Fermi level, we observe low IPR in-
dicating delocalized states and conducting behavior of the
models.

3.3.1 Space Projected Conductivity The informa-
tion given by DoS about the species decomposed contribu-
tion near the Fermi level is not a full treatment of conduc-
tion activity within the network, because the conduction
also depends on the localization of the electronic states and
momentum matrix elements between Kohn-Sham states
near the Fermi level. Recently, we have developed a tech-
nique to visualize conductivity in real space by undertaking
a spatial decomposition of the Kubo-Greenwood [41,42]
formula. We start by defining a discrete grid in real space
and show that the quantity:

ζ(x) =

∣∣∣∣∣∑
x′
Γ (x, x′)

∣∣∣∣∣ (2)

may be interpreted as a SPC, providing information
about what parts of the network are contributing to elec-
tronic conduction. Here, x is a grid point, and we introduce

Γ (x, x′) =
∑
ijα

gijξ
α
ij(x)(ξαij(x′))∗. (3)

The quantity Γ is a Hermitian, positive-semidefinite ma-
trix whose eigenvectors are rank ordered conduction paths
according to their conjugate eigenvalue [44]. The quantity
gij is defined as [44]:

gij(k, w) =
2πe2

3m2ωΩ
[fi(k)− fj(k)] δ (εj (k)− εi (k)− h̄ω)

(4)
where Ω is the cell volume and f is the Fermi-Dirac dis-
tribution. ξαij(x) ≡ ψ∗i (x)pαψj(x) is a complex-valued
function, ψi(x) is the ith Kohn-Sham eigenfunction and
pα = h̄

i
∂
∂xα

, (α = x, y, z). We have used this approach to
successfully describe transport in a solid electrolyte mate-
rial [44], Cu -doped a-alumina [43], and Cu-doped tantala
[45].

The SPC for FEAR-I model is visualized as a grayscale
plot in Fig. 7. The SPC is distributed on both Cu and Zr,
but a close analysis reveals that the Zr atoms have higher
SPC values than the Cu atoms in the network.

3.4 Vibrational Properties FEAR-II was well re-
laxed with the lattice vectors being allowed to change to at-
tain zero pressure. This produces a slightly non-orthogonal
supercell and an overall volume change of 4.5%. Each
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Figure 8 Total vibrational density of states for FEAR-II model (top panel) . The total vibrational localization (IPR), shown by yellow
dots, shows that low frequency modes are extended while those at high frequencies are localized. Species projected VDoS (bottom
panel) shows high frequency modes dominated by the lightest atom and low frequency by heavier atoms, as expected.

atom was displaced in six directions(±x,±y,±z) by (∼
0.015 Å), and after each of these small displacements,
forces were computed on all atoms, to obtain the force
constant matrix, and dynamical matrix. Normal modes
were computed from the dynamical matrix by direct diag-
onalization. The VDOS is defined as:

g(ω) =
1

3N

3N∑
i=1

δ(ω − ωi) (5)

with N and ωi representing the number of atoms and the
eigenfrequencies of normal modes, respectively. The el-
emental contribution to the VDOS was computed with
species projected VDOS defined as [46]:

gα(ω) =
1

3N

Nα∑
i=1

∑
n

|eni |2δ(ω − ωn) (6)

, |eni |2 are the eigenvectors of the normal modes and Nα is
total number of atoms of α species.

As seen in Fig. 8, the VDOS is peaked at ∼ 125cm−1

arising from a joint contribution of vibrations of heavier
atoms (Cu, Zr) while Al only contributes to vibrations at
higher end of the vibrational spectrum. The partial VDOS
plot supports these findings.

3.4.1 Localization of vibrational modes The lo-
calization of vibrational modes are not easily observable
from experiments. To study the localization of vibrational
modes, we calculate the vibrational IPR (VIPR), the vibra-
tional analogue of the electronic IPR, from the eigenvec-
tors as follows:

V(ωn) =

∑N
i=1 |uin|4(∑N
i=1 |uin|2

)2 (7)

where (uin) is displacement vector of ith atom at normal

mode frequency ωn.
A small value of VIPR for a particular eigenfrequency

indicates evenly distributed vibration among the atoms
while higher value implies vibration localized on few
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atoms. We have plotted the total VIPR in Fig.8. Low values
of VIPR below ∼ 250 cm−1 suggest extended/localized
vibrational modes at low frequencies. However, above
250 cm−1, we observe higher VIPR and localized vibra-
tions.

In order to gain a visual insight to the localiza-
tion/delocalization of vibrations suitable animations were
made. The higher frequency animation shows that Al atoms
exhibit local motion (both bond stretching and bending)
like that of a rattler inside a cage of Cu, Zr atoms. Similar,
rattler motion of light atoms inside a cage of metal atoms
has been seen previously in a Pd-Ni-P bulk metallic glass
[27].

4 Conclusion We have generated realistic models
of a complex BMG with FEAR that agrees reasonably
well with the experiment. Both FEAR models have the
same level of agreement with the experiment and topolog-
ically similar to the MQ model. (all ab initio roads lead
to Cu46Zr46Al8?). However, the computational efficiency
of the FEAR model was almost six times that of the MQ
model. A similar efficiency increase was reported earlier
for Pd−Ni− P BMG [27]. The Voronoi statistics agree
well with previous results and our models may well be
suited to catch the local dynamics of the clusters in the
material. The addition of Al introduces structural clusters
that are believed to have slow dynamics thereby enhancing
the GFA. We have also shown the temperature dependence
of the distribution of some important Voronoi clusters and
achieved reasonable agreement with published results. The
electronic DoS of our models are very close to that of
Cu50Zr50 [40] suggesting that 8% Al concentration is not
enough to significantly change the electronic properties.
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